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a b s t r a c t
This paper studies the bifurcation and nonlinear behaviors of a united gas-lubricated
bearing (UGB) system by a hybrid numerical method combining the differential
transformation method and the finite difference method. The analytical results reveal a
complex dynamic behavior comprising periodic, sub-harmonic, quasi-periodic and chaotic
responses of the rotor center. Furthermore, the results reveal the changes which take place
in the dynamic behavior of the bearing system as the rotor mass and bearing number are
increased. The current analytical results are found to be in good agreement with those of
other numerical methods. Therefore, the proposed method provides an effective means of
gaining insights into the nonlinear dynamics of UGB systems.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Gas-lubricated bearing systems are characterized by low noise under rotation and by their low frictional losses. As a
result, they are frequently employed within precision instruments, where they yield zero friction when the instruments are
used as null devices, and within high-speed electrical motors. Compared with traditional oil bearings, air bearings have the
advantages of lower heat generation, less contamination, and higher precision. However, their major disadvantage is that
they tend to be rather unstable, and this frequently restricts their permissible range of application [1,2].
In 1985, Gero and Ettles [3] evaluated the relative precision of the FDM and FEM approaches when applied to a
steady, isoviscous, incompressible lubrication problem. In their study, it was assumed that the solution of a complicated
coupled problem could be derived by solving a sequential series of simple, uncoupled, steady problems. The results for
two-dimensional bearings demonstrated that the relative errors of the FDM solutions were smaller than those associated
with the FEM approach. Furthermore, it was shown that the FDM approach was more rapid than the FEM technique, with
an average CPU time of 0.15 s as compared to 0.17 s for the FEM method.
In 1994, Malik and Bert [4] considered the Differential Quadrature Method (DQM), and applied it for the first time
to the solution of steady state oil and air lubrication problems in self-acting hydrodynamic bearings. The quadrature
solutions of the Reynolds’ equation for the case of incompressible lubrication were compared with the exact solutions of
finite-length bearings. Furthermore, the quadrature solutions of the compressible Reynolds’ equation for finite-length plain
journal bearings were compared with those obtained using the FED and FEM approaches.
Sundararajan & Noah [5] proposed a simple shooting scheme integrated with an arc-length continuation algorithm for
the investigation of periodically forced rotor systems. Using this model, the authors predicted the occurrence of periodic,
quasi-periodic and chaotic motion for various ranges of the rotor speed. In 2002, Wang et al. [6] analyzed the bifurcation
behavior and nonlinear dynamics of flexible and rigid rotors supported by externally pressurized porous gas journal bearings
and showed that the rotors exhibited a complex dynamic behavior comprising periodic, sub-harmonic, and quasi-periodic
responses at different values of the rotor mass and bearing number, respectively.
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Fig. 1. United gas-lubricated bearing system.
The remainder of this study is organized as follows. Section 2 develops a mathematical model describing the
time-dependent motions of the rotor center of UGB. Due to the nonlinearity of the gas film pressure in this bearing system,
determining the Reynolds’ equation solutions is very difficult. Accordingly, Section 3 develops a hybrid method combining
the finite difference method (FDM) and the differential transformation method (DTM) to obtain the required solutions.
The solutions are then compared with those obtained using the SOR&FDM (Successive Over Relation and finite difference
method) method. Section 4 presents the simulation results obtained using the proposed hybrid method for the vibrations
of the rotor center for various rotor masses.
2. Mathematical modeling
The united gas-lubricated bearing model is designed and shown in Fig. 1 and incorporates the following design
assumptions:
(1) Gas lubricating films are very nearly isothermal because the ability of the bearing materials to conduct away heat is
greater than the heat generating capacity of the air-film. Thus, the flow is assumed isothermal.
(2) As gas viscosity is somewhat insensitive to changes in pressure, and the temperature is virtually constant, we may
assume the gas viscosity to be constant.
(3) The mass flow inside and outside of the gas bearing element is equal to the mass flow into the orifice.
(4) The flow of gas in and out of the sides of the bearing (side flow) is neglected.
The pressure distribution in the gas film between the shaft and the bushing is modeled by the dimensionless form of the
Reynolds’ equation with corresponding boundary conditions as follows [7]:
∂
∂θ
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PH3
∂P
∂θ

+ ∂
∂η

PH3
∂P
∂η

= −Λ∂ (PH)
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+ 2Λ ∂
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The gas pressure P is continuous at η = 0, ∂P
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η=0
= 0. (2)
The gas pressure P is a periodic function for θ, P (θ, η) = P (θ + 2π, η) , ∂P
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θ
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where P is the dimensionless pressure, H is the dimensionless thickness of gas film, Λ is the bearing number [7] and θ, η
are the dimensionless coordinates.
3. Numerical analysis
3.1. Hybrid method integrating SOR method and finite difference method (SOR&FDM)
In solving the Reynolds’ equation, Eq. (1) is discretized using the central-difference scheme in the θ and η directions
and the implicit-back-difference scheme in time τ . For simplicity, a uniform mesh size is used. If Eq. (1) is to be solved
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directly, therewill be five unknowns. Accordingly, the SOR (Successive Over Relation)method [6] is employed in the present
computations since its use reduces the number of unknowns from five to three. The pressure distribution at each time step
is obtained using an iterative calculation process. Thus, there will be three unknowns (I , I − 1, and I + 1) in the θ direction
at each incremental time interval. The other two unknowns (J + 1 and J − 1) in the η direction are substituted for the last
iterative values. Finally, all of the equations are substituted into a tri-diagonal matrix and solved using a process of Gauss
elimination.
3.2. Hybrid method integrating Differential Transformation Method and Finite Difference Method (DTM&FDM)
Differential transformation is one of the most widely used techniques for solving differential equations due to its rapid
convergence rate and minimal calculation error. A further advantage of this method over the integral transformation
approach is its ability to solve nonlinear differential equations [8–12].
In solving the Reynolds’ equation for the current gas bearing system, the differential transformation method is used for
taking transformation with respect to the time domain τ , and hence Eq. (1) becomes
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where
J(k) = H3 = H ⊗ H ⊗ H =
k
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The finite difference method is then used to discretize Eq. (4) with respect to the θ and η directions. Note that Eq. (4) is
discretized using the second-order-accurate central-difference scheme for both the first and the second derivatives.
Substituting Eqs. (5)–(6) into Eq. (4) yields
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From Eq. (7), Pi,j(k) is obtained for each time interval, where i and j indicate the node position and k indicates the kth
term. Computing the motions of the rotor center is an iterative procedure which first determines the acceleration, then the
velocity, and finally the displacement, step-by-step over time. The computation procedure begins by specifying an initial
static equilibrium state. The initial displacement of the rotor (Xo, Yo) corresponds to the static equilibrium position and
defines the gap Hi,j(k) between the shaft and the journal bearing. The initial velocity of the rotor is assumed to be zero.
The iterative computation procedure can be summarized as follows:
Step 1: Following a time increment∆τ , the new values of the rotor acceleration, velocity, and displacement are calculated
to obtain.
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Table 1
Comparison of rotor center orbits calculated by SOR&FDM, DTM&FDM and Perturbation methods, respectively.
Conditions Displacement
X(nT) Y (nT)
Time step H˜ = 0.001 Time step H˜ = 0.01 Time step H˜ = 0.001 Time step H˜ = 0.01
SOR&FDM mr = 1.75 kg
ω = 1860 rad/s
Divergence 0.1171569171 Divergence 0.752394569
DTM&FDM 0.1171218541 0.1171545544 0.752303578 0.752353579
Perturbation method 0.1281922512 0.1191125823 0.712486318 0.729034591
SOR&FDM mr = 2.8 kg
ω = 1860 rad/s
0.580248689 0.5802008644 −0.2282126124 −0.2283305364
DTM&FDM 0.5802874187 0.5802098496 −0.2286248157 −0.2286053261
Perturbation method 0.5707412833 0.5898490211 −0.2248186232 −0.2282653341
Table 2
Poincaré maps with different time increments and rotor mass by DTM&FDM.
mr = 1.75 kg mr = 2.8 kg
τ X(nT) Y (nT) τ X(nT) Y (nT)
π/300 0.1171548211 0.752371257 π/300 0.5802123586 −0.2286409357
π/600 0.1171852333 0.752345648 π/600 0.5802054387 −0.2286093212
Table 3
Poincaré maps with different time increments and bearing number by DTM&FDM.
Λ = 2.12 Λ = 2.44
τ X(nT) Y (nT) τ X(nT) Y (nT)
π/300 −0.3224276521 0.4017883727 π/300 −0.1127349619 −0.4183434339
π/600 −0.3224615323 0.4017252419 π/600 −0.1127814415 −0.4183159525
Step 2: The displacements of the rotor center obtained from Step 1 can then be determined and the corresponding change
in the value of the gap (H) can be calculated. Substituting the new value of H into Eq. (5) gives the new pressure
distribution in the gap between the shaft and the journal.
Step 3: The pressure distribution obtained from Step 2 is integrated to estimate the internal force.
Step 4: The displacement and velocity values computed in Step 1, the pressure distribution calculated in Step 2, and the
internal force obtained in Step 3 are taken as the new initial conditions. Using this new set of conditions, the
calculation procedure returns to Step 1 to compute the changes in the gas bearing system during the time interval
∆τ → 2∆τ .
Note that in this study, the time-series data of the first 1000 revolutions are excluded from the dynamic behavior
investigation so as to ensure that the analyzed data correspond to steady state conditions. The data include the orbital paths
and velocity of the rotor center. These data are used to generate power spectra, Poincaré maps and bifurcation diagrams.
4. Results and discussions
4.1. Numerical analysis
Table 1 presents the Poincarémaps obtained by the SOR&FDM, DTM&FDM and Perturbationmethods for the orbits of the
rotor center. It is observed that a good agreement by DTM&FDMmethod exists between the two sets of results at different
rotormass values. It also compareswith different values of the time step, H˜ , for two different rotormass and bearing number
values. It can be seen that the orbits are in agreement to approximately 4 decimal places for the different time steps, H˜ ,
especially obtained by DTM&FDMmethod as shown in Tables 2 and 3.
4.2. Nonlinear dynamic analysis
The current dynamic analyses consider two different situations: (1) the bearing number of the UGB is maintained as a
constant and the effect of increasing the rotor mass is examined, and (2) the rotor mass is maintained as a constant and the
effect of increasing the bearing number is investigated.
Situation I
The united gas-lubricated bearing is loaded with a constant rotational speed ω = 1860 rad/s and the rotor mass mr is
specified as the bifurcation parameter.
(a) Dynamic orbits and phase trajectories
Fig. 2(a) and (b) show that the orbits of the rotor center are regular at low values of the rotor mass (mr = 5.0 kg),
but become irregular at rotor mass values of mr = 11.21 kg. For rotor mass value of mr = 12.8 kg, the orbits exhibit
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Fig. 2. Dynamic orbits of rotor center at mr = 5.0, 11.21, 12.8, 14.92, 14.94 and 15.21 kg (Figs. 2.1(a)–2.6(a)); corresponding to phase trajectories (Figs.
2.1(b)–2.6(b)); power spectra of rotor displacement in horizontal direction (Figs. 2.1(c)–2.6(c)); andpower spectra of rotor displacement in vertical direction
(Figs. 2.1(d)–2.6(d)).
periodic motion, but this regular behavior further diverge as non-symmetric and non-periodic motion at rotor mass values
of mr = 14.92 kg. When the rotor mass is increased at mr = 14.94 kg, the system converges to periodic motion, but this
kind of motion is replaced as non-periodic motion atmr = 15.21 kg.
(b) Power spectra
Fig. 2(c) and (d) show the dynamic responses of the rotor center in the vertical and horizontal directions. It is seen that
the rotor center exhibits T-periodic motion at rotor mass values ofmr = 5.0 kg. However, as the rotor mass is increased to
mr = 11.21 and 14.92 kg, the power spectra show that the orbits of the rotor center in the horizontal and vertical directions
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Fig. 3. Bifurcation diagrams versus rotor mass: (a) X(nT) and (b) Y (nT).
Table 4
Variation of rotor center response with rotor mass over interval 1.0 ≤ mr ≤ 16.0.
Rotor mass 1.0 ≤ mr < 11.21 11.21 ≤ mr < 12.8 12.8 ≤ mr < 13.98 13.98 ≤ mr < 14.11 14.11 ≤ mr < 14.79
Dynamic behavior T Quasi 2T T 2T
Rotor mass 14.79 ≤ mr < 14.81 14.81 ≤ mr < 14.92 14.92 ≤ mr < 14.94 14.94 ≤ mr < 15.06 15.06 ≤ mr < 15.08
Dynamic behavior Quasi 2T Quasi 2T Quasi
Rotor mass 15.08 ≤ mr < 15.21 15.21 ≤ mr ≤ 16.0
Dynamic behavior 2T Quasi
become quasi-periodic motion. For rotor mass values of mr = 12.8 and 14.94 kg, the orbits exhibit sub-harmonic motion
with a period of 2T. Finally, at rotor mass value of mr = 15.21 kg, the orbits of the rotor center perform quasi-periodic
motion in the horizontal and vertical directions.
(c) Bifurcation diagrams
The bifurcation diagrams presented in Fig. 3 plot the rotor center displacement against the rotor mass mr . Qualitatively
different behavior is observed at different values ofmr within the range 1.0–16.0 kg. Fig. 4(a)–(f) present the Poincaré maps
at mr = 5.0 kg, 11.21 kg, 12.8 kg, 14.92 kg, 14.94 kg and 15.21 kg, respectively. The dynamic motion of the rotor center is
T-periodic in both the x- and the y-directions at lower values of the rotor mass, i.e. mr < 11.21 kg and proven by Fig. 4(a).
However, the T-periodic motion loses its stability at mr = 11.21 kg and is replaced by quasi-periodic motion as shown in
Fig. 4(b). This quasi-periodic motion is maintained over the interval 11.21 ≤ mr < 12.8, but when the mass is increased to
mr = 12.8 kg, the quasi-periodic motion is replaced by a 2T-periodic motion in the x- and y-directions shown in Fig. 4(c).
As the mass is increased to mr = 13.98 kg, the system is transferred to T-periodic motion and maintained over the
interval 13.98 ≤ mr < 14.11 kg. The T-periodic motion changes its motion at a rotor mass of 14.11 kg and is bifurcated into
a 2T-periodic motion. Then, the 2T-periodic motion is transferred to quasi-periodic motion at mr = 14.79 kg. However, as
the rotor mass is increased to mr = 14.92, 14.94, and 15.21 kg, the system behaves quasi-, 2T- and quasi-periodic motion,
respectively shown in Fig. 4(d), (e) and (f). Then, the UGB system behaves 2T- and quasi-periodic motions over the interval
14.79 ≤ mr ≤ 16.0 kg.
It can be seen that there are two discrete points in the Poincaré maps at mr = 12.8 and 14.94 kg and a closed curve at
mr = 14.92 and 15.21 kg. From the discussions above, it is evident that the behavior of the rotor center is dependent
on the rotor mass. Table 4 summarizes the motions performed by the rotor center for rotor mass values in the range
1.0 ≤ mr ≤ 16.0 kg.
Situation II
The united gas-lubricated bearing is loadedwith a constant rotormassmr = 2.5 kg and the bearing numberΛ is specified
as the bifurcation parameter.
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Fig. 4. Poincaré maps of rotor center trajectories atmr = (a) 5.0, (b) 11.21, (c) 12.8, (d) 14.92, (e) 14.94, (f) 15.21 kg.
(a) Dynamic orbits and phase trajectories
Fig. 5(a) and (b) show that the orbits of the rotor center are regular at low values of the bearing number (Λ = 1.2), but
become irregular at rotor mass values of Λ = 2.92. As bearing number is increased to the value of Λ = 3.6, the orbits
exhibit periodic motion, but the regular motion is changed for non-symmetric and non-periodic motion at bearing number
values ofΛ = 3.81 and 4.24. When the bearing number is increased atΛ = 4.64, the system converges to periodic motion
finally.
(b) Power spectra
Fig. 5(c) and (d) show the dynamic responses of the rotor center in the vertical and horizontal directions for different
bearing numbers. It is seen that the rotor center exhibits T-periodic motion atΛ = 1.2. However, as the bearing number is
increased to Λ = 2.92, the power spectra show that the orbits of the rotor center in the horizontal and vertical directions
become chaotic motion. For bearing number values ofΛ = 3.6, the orbits exhibit sub-harmonic motion with a period of 2T.
Finally, at bearing number value of Λ = 3.81, 4.24 and 4.64, the orbits of the rotor center perform quasi-periodic, chaotic
and T-periodic motion in the horizontal and vertical directions, respectively.
(c) Bifurcation diagrams
The bifurcation diagrams presented in Fig. 6 plot the rotor center displacement against the bearing number Λ.
Qualitatively different behavior is observed at different values of Λ within the range 1.0–5.0. Fig. 7(a)–(f) present the
Poincaré maps atΛ = 1.2, 2.92, 3.6, 3.81, 4.24 and 4.64, respectively. The dynamic motion of the rotor center is T-periodic
in both the x- and the y-directions at lower values of the bearing number, i.e. Λ = 1.2 and proven by Fig. 7(a). However,
the T-periodic motion loses its stability atΛ = 2.92 and is replaced by chaotic motion as shown in Fig. 7(b) and revealed an
unclosed curve. When the bearing number is increased over the interval 2.92 ≤ Λ < 4.24, the system behaves 2T-periodic
and chaotic motion in the x- and y-direction and the order of motion is Chaos → 2T → Chaos → 2T → Chaos → 2T
proven in Fig. 7(c) and (d).
As the bearing number is increased to Λ = 4.24, system is transferred to quasi-periodic motion and caused a closed
curve shown in Poincaré map (Fig. 7(e)). The UGB system behaves 2T- and Quasi-periodic motions over the interval
4.25 ≤ Λ < 4.33 and 4.33 ≤ Λ < 4.64, respectively. The chaotic motion is proven by Maximum Lyapunov Exponent
(MLE) and when chaotic behavior occurs, the value of MLE will be positive. From Fig. 8(a) and (b), the MLEs are 0.05 and
0.08 to guarantee chaotic motion existed. But, when the MLEs are−0.05 and−0.03 from Fig. 8(c) and (d), it shows that the
UGB system behaves non-chaotic motion.
Table 5 summarizes the motions performed by the rotor center for bearing number values in the range 1.0 ≤ Λ ≤ 5.0.
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Fig. 5. Dynamic orbits of bearing number atΛ = 1.2, 2.92, 3.6, 3.81, 4.24, 4.64 (Figs. 5.1(a)–5.6(a)); corresponding to phase trajectories (Figs. 5.1(b)–5.6(b));
power spectra of rotor displacement in horizontal direction (Figs. 5.1(c)–5.6(c)); and power spectra of rotor displacement in vertical direction (Figs.
5.1(d)–5.6(d)).
Table 5
Variation of rotor center response with bearing number over interval 1.0 ≤ Λ ≤ 5.0.
Bearing numberΛ 1.0 ≤ Λ < 2.92 2.92 ≤ Λ < 2.94 2.94 ≤ Λ < 3.59 3.59 ≤ Λ < 3.6 3.6 ≤ Λ < 3.81
Dynamic behavior T Chaos 2T Chaos 2T
Bearing numberΛ 3.81 ≤ Λ < 3.82 3.82 ≤ Λ < 4.24 4.24 ≤ Λ < 4.25 4.25 ≤ Λ < 4.33 4.33 ≤ Λ < 4.64
Dynamic behavior Chaos 2T Quasi 2T Quasi
Bearing numberΛ 4.64 ≤ Λ ≤ 5.0
Dynamic Behavior T
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Fig. 6. Bifurcation diagrams versus bearing number: (a) X(nT) and (b) Y (nT).
Fig. 7. Poincaré maps of rotor center trajectories atΛ = (a) 1.2, (b) 2.92, (c) 3.6, (d) 3.81, (e) 4.24, (f) 4.64.
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Fig. 8. Maximum Lyapunov exponents (a)Λ = 2.92, (b) 3.59, (c) 4.24, (d) 4.64.
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